Abstract. The structure of a complex Clifford algebra is studied by direct sum decompositions into eigenspaces of specific linear operators.
Introduction
Usually Clifford analysis is understood to be the study of the solutions of the Dirac equation for functions defined on Euclidean vector space R m and taking values in the corresponding Clifford algebra R 0,m . In this way it offers a proper analogue to the Cauchy-Riemann equations for holomorphic functions in the complex plane. For a thorough study of the so-called monogenic functions of Clifford analysis we refer to the standard textbooks [5, 15, 16, 17] .
The symmetry group of the Dirac equation is either SO(m) or Spin(m), according to the definition of the group action on the values taken by the functions under consideration. If these values are in the Clifford algebra with left multiplication, the symmetry group is Spin(m), which then usually is realized inside the Clifford algebra. In the case of functions with values in the Clifford algebra with both side action, it is more natural to identify the Dirac equation with the equation (d + d * )f = 0, and to identify the space of values, in casu the Clifford algebra, as a vector space, with the Grassmann algebra of R m . This Grassmann algebra may then be decomposed into the direct sum of its homogeneous parts, which is a decomposition into irreducible parts under the action of SO(m). In this framework it was shown (see [13, 18, 19] ) that, on the polynomial level, the space of monogenic functions can be split into a direct sum of solutions of the Hodge-de Rham equations for homogeneous differential forms. This entails a finer structure of the space of monogenic functions, which manifests itself explicitly in a finer form of the corresponding Fischer decomposition (see [14] ). When the dimension is taken to be even (m = 2n), one can make the framework of Clifford analysis closer to complex analysis by introducing on R 2n a complex structure J. The symmetry group then reduces to the subgroup U(n) ⊂ SO(2n) preserving the chosen complex structure J. This is the basic setting for the so-called Hermitean Clifford analysis, which recently has emerged as a new branch of Clifford analysis, offering yet a refinement of the Euclidean case. The functions studied are defined in open regions of C n and take their values in the complex Clifford algebra C 2n . More particularly Hermitean Clifford Analysis focusses on the simultaneous null solutions, called Hermitean (or h-) monogenic functions, of two Hermitean Dirac operators ∂ z and ∂ z † . A systematic development of this function theory, including the invariance properties with respect to the underlying Lie groups and Lie algebras, is still in full progress, see e.g. [10, 1, 2, 7, 9, 3, 4, 23, 12] .
Advances in Applied Cliff ord Algebras
Part of this program is also the study of the finer structure of the space of monogenic functions induced by the choice of the complex structure J. As a first step towards that goal in [11] , a scheme for the translation of spaces and operators between the language of complex Clifford algebra and the language of complex differential forms was established. In fact this is the complex analogue of the translation in the Euclidean situation (see [6] ). In the underlying paper we focus on the structure of the complex Clifford algebra in which the monogenic functions take their values. Let us explain this in some more detail.
When studying the Dirac equation for functions with values in a Clifford algebra, it is well-known that the Clifford algebra splits into the direct sum of isomorphic copies of the basic spinor representation. Accordingly, the system of equations will split into a number of independent, however mutually equivalent, subsystems of equations, whence, without loss of generality, the study may be restricted to functions with values in the space of spinors (or half-spinors in even dimension). In the standard situation, this space of values cannot be split further since they are already irreducible under the (left) action of the Spin(m) group. However, by the introduction of the complex structure J, the symmetry group is reduced, as explained above, and spinor space decomposes further into smaller pieces. If spinor space is realized in a standard way as the Grassmann algebra over the maximal isotropic subspace in C 2n , then this splitting is just the splitting into homogeneous components (for details see, e.g., [2] ).
The reduction of the symmetry group to U(n) gives to the (complex) Clifford algebra in even dimension m = 2n a quite fine and complicated structure. A nice description of a 'coarser' structure of the complex Clifford algebra induced by the choice of J, can be found in the seminal paper [20] by Michelsohn. This basic information is reviewed here and complemented by a discussion of a finer structure based on a full study of the decomposition of the Clifford algebra into a sum of spinor spaces induced by the left, respectively the right action, and a description of the relation of this finer decomposition to the coarser one used by Michelsohn.
